Inspired by the homological mirror symmetry conjecture of Kontsevich [24], we construct new classes of automorphisms of the bounded derived category of coherent sheaves on a smooth Calabi-Yau variety.
Introduction
Let X be a complex non-singular quasi-projective Calabi-Yau variety of dimension n (ω X = 0). Consider a complete subvariety E of codimension d (i denotes the embedding E ֒→ X), together with a flat morphism q : E → Z of relative dimension k. It will be assumed that the varieties E and Z are non-singular, and that d + k > 0.
Moreover, only in the case d + k = 1, it will be assumed that H 0 (Z, ω Z ) = 0. Note that this condition excludes the already well understood case when X is an elliptic curve.
The goal of this note is to construct new classes of automorphisms of derived categories of coherent sheaves on quasi-projective non-singular Calabi-Yau varieties associated with the geometric context described above. The automorphisms will be determined by the EZ-spherical objects E in the bounded derived category of coherent sheaves of E (definition 2.8) that generalize the spherical objects introduced by Kontsevich [25] , and Seidel and Thomas [34] .
Following the work of Mukai [29] on actions of functors on derived categories of coherent sheaves, Bondal and Orlov [6] , Orlov [30] and Bridgeland [7] established criteria that characterize the equivalences of derived categories of coherent sheaves. Their work showed that in many instances the group of derived auto-equivalences (automorphisms) captures essential properties of the algebraic variety itself. Quite tellingly, the case of Calabi-Yau varieties turned out to be one of the most interesting and difficult to study. Similar techniques have emerged as useful tools in various other contexts, for example, in the study of the McKay correspondence [9] , birational geometry [8] , heterotic string theory compactifications [3] and D-branes in string theory [13] , [2] .
The foundation for our line of investigation is provided by the homological mirror symmetry conjecture of Kontsevich [24] (see [26] for recent progress in this direction). The conjecture states that mirror symmetry should be viewed an as equivalence between "Fukaya A ∞ category" of a Calabi-Yau variety Y and the bounded derived category of coherent sheaves D(X) of the mirror Calabi-Yau variety X. The point of view of the present work stems from some ramifications of the general conjecture as presented by Kontsevich in [25] . Important results in this direction were obtained in the paper of Seidel and Thomas [34] , in which the derived category braided automorphisms represented by Fourier-Mukai functors associated with spherical objects were analyzed and compared with the mirror generalized Dehn twists of Seidel [33] . An investigation (adapted to the toric geometry context) of the correspondence between the expected mirror automorphisms was pursued by the present author in [20] . A string theoretical analysis has been recently pursued by P. Aspinwall [2] .
In fact, the classes of automorphisms introduced in the present work were obtained with the significant guidance provided by the interpretation of the mirror symmetric calculations presented in [20] . As a general principle, the automorphisms of the bounded derived category of coherent sheaves on a Calabi-Yau variety X should be be mirrored by some automorphisms of the Fukaya category of the mirror Calabi-Yau variety Y. Some of the latter automorphisms are determined by loops in the moduli space of complex structures on Y and they will depend on the type of components of the discriminant locus in the moduli space of complex structures on Y that are surrounded by the loop. Our proposal states that for each component of the discriminant locus in the moduli space of complex structures on Y there is a whole class of automorphisms of the bounded derived category of coherent sheaves on X induced by the EZ-spherical objects associated with a diagram of the type (1.1). For example, in the toric case, the so-called "A-discriminantal hypersurface" of [15] (also called the "principal component" in [11] , [20] or the "conifold locus" in physics)
1 in the moduli space of complex structures on Y corresponds to the class of spherical objects on X (in the sense of Seidel and Thomas) which is obtained in our context for Z = Spec(C) (example 4.1).
The more general EZ-spherical objects introduced in the present work and their associated automorphisms are geometric manifestations of the so-called "phase transitions" in string theory [39] , [4] . Elementary contractions in the sense of Mori theory are examples of these (see example 4.4) and, through mirror symmetry, they will correspond to the various other components of the discriminant locus in the moduli space of complex structures on Y. A precise statement about how this correspondence should work in the toric case was given in [20] . An analysis of the correspondence in the closely related language of D-branes in string theory has been recently presented by P. Aspinwall [2] .
There are further questions that can be posed in this context. The structure of the group of automorphisms is quite intricate and in general difficult to handle. Nevertheless, it seems that the structure of the discriminant locus in moduli space of complex structures on Y encodes a lot of information about the group of automorphisms of the bounded derived category of coherent sheaves on X. As explained to me by Professors V. Lunts and Y. Manin (see the end of [28] ), the motivic version of the group should be intimately related to the Lie algebra actions studied by Looijenga and Lunts [27] . The relationship has been established in the case of abelian varieties in [17] . A related proposal has been recently analyzed by B. Szendrői [35] .
Another facet of the story concerns the mirror symmetric Fukaya category automorphisms. Are there any "EZ-generalized Dehn twists" associated to (special) Lagrangian vanishing cycles in Y that are not necessarily topological spheres S n ? The automorphisms that are introduced in this work are local in the sense that they twist only the "part" of the derived category D(X) that consists of objects supported on the subvariety E. The property of E ∈ D(E) to be EZ-spherical for a configuration of the type shown in the diagram (1.1) does not depend on the Calabi-Yau space X, but rather on the normal bundle N E/X (remark 4.5). The local character of the picture has direct links with the so-called "local mirror symmetry" frequently invoked by physicists [21] , [12] . By using the theory of t-structures on triangulated categories [5] , this rough idea of "locality" can be made more precise. There is now a related and very interesting proposal in physics made by Douglas [13] about how to express the stability of D-branes in string theory using the triangulated structure of derived categories.
Notation and other general considerations
Given a complex algebraic variety (reduced and irreducible scheme) W, we denote by D(W ) the bounded derived category of coherent sheaves on W (see [38] , [18] , [16] for the general theory of derived and triangulated categories). We use the commonly accepted notation for the derived functors between derived categories, and the notation [n] for the shift by n functor in a triangulated category. The Verdier (derived) dual of an object F ∈ D(W ) will be denoted by
All the varieties involved in this work are non-singular (although see remark 2.11), and we will sometimes replace an object F ∈ D(W ) by a bounded resolution of locally free sheaves of finite rank without explicitly mentioning it. For a proper morphism of "nice" schemes f : W → V, the construction of a right adjoint f ! for Rf * was originally established in the algebraic context by Grothendieck (see [18] ). We will use extensively the properties associated with the triple of adjoint functors (Lf
, we will also use the natural functorial isomorphism
and the duality theorem
In the concrete situation presented in the beginning of the introduction (diagram (1.1)), the functors i ! and q ! are given by 5) where in writing the expression for i ! we have used that X is Calabi-Yau. In what follows, we will make extensive use of projections and diagonal morphisms. If W 1 , W 2 , . . . , W k are schemes over a given scheme V, then the natural projection map 
Automorphisms of derived categories
We work under the assumptions presented in the beginning of the introduction.
Remark 2.2. By using [18] V.2.6 b) and the duality theorem (1.4), for any F ∈ D(X), we can write
Hence L E can be also expressed as
Proof. For F , G ∈ D(X), we can write down the following sequence of adjunction isomorphisms
which proves the lemma.
The next proposition will provide the interpretation of the exact functors R E and L E as exact functors associated to certain objects ("kernels") in D(X × X).
Our particular geometric context leads us to consider the following commutative diagram (Y := E× Z E). One could say that, in some sense, this note is about understanding the geometry summarized by this diagram.
{ { w w w w w w w w w w
where
where ∆ X×X : X ֒→ X × X is the diagonal morphism.
Proof. For the first part, note that since q, q 1 , q 2 are flat, we have that
This fact and the projection formula then give that, for F ∈ D(X),
A similar calculation and remark 2.2 imply that the functors L E and Φ LE are also isomorphic.
For the second part, let
becomes after tensoring with q *
Therefore, we obtain a morphism in D(X × X)
The natural adjunction map
For the second morphism, we dualize the pairing (2.12) to obtain the morphism
where we have used that
Since q is flat, the base change theorem (theorem 2 in [37] , or theorem 5(i) in [23] ) shows that
Therefore, after tensoring with q * 20) where the left equality is obtained by the projection formula, and because
After pushing forward to X × X, we obtain the morphism in D(X × X)
Lemma 2.3 shows that the exact functor Φ RE is right adjoint to Φ LE . Therefore the exact functor Φ E R is also right adjoint to Φ E L .
We now prove two useful lemmas.
Lemma 2.6. For any F ∈ D(E),
Moreover,
Proof. To prove the first part, note that, by the projection formula, we can write
Applying then i −1 gives the first formula of the lemma, since K ∼ = i −1 i * K, for any K ∈ D(E). To prove the second formula, we can write
For the last part, note that
Applying then i −1 gives the desired result.
Lemma 2.7. Given an object E ∈ D(E), there exist natural functorial morphisms
Proof. For the left morphism, the natural adjunction morphism 30) and the canonical pairing in D(E)
give the natural functorial morphisms
The first arrow in the above formula is also obtained by adjunction. To prove the existence of the morphism in the second half of the lemma, note that
We combine again the natural adjunction morphism
with the canonical pairing
to write the following sequence of natural functorial morphisms
The middle equality in the above formula is a direct consequence of (1.5) and the projection formula, while the last arrow is obtained by adjunction.
The class of objects that will interest us consists of those objects E ∈ D(E) that have the property that the sequence of morphisms of the previous lemma can be "closed" into a distinguished triangle.
Definition 2.8. An object E ∈ D(E) is said to be EZ-spherical if there exists a distinguished triangle in D(Z) of the form
where d is the codimension of the complete subvariety
For the case E = X and Z = Spec(C), it follows immediately that an EZ-spherical object is spherical in the sense of [34] . Note also some similarity with the notion of a simple morphism discussed there.
The main result of this note is the following theorem.
Theorem 2.9. Under the hypotheses of definition 2.8, for any
The proof of the theorem will occupy the next section.
Remark 2.10. The definition of EZ-spherical objects can be modified accordingly so that such objects give automorphisms of D(X) even for non-singular quasi-projective varieties X that are not necessarily Calabi-Yau. The expression of the functor i ! in the general case is
In order to preserve the property of EZ-spherical objects to induce automorphisms, the defining distinguished triangle (2.37) has to be corrected to
where θ is an invertible sheaf on Z with the property that
Remark 2.11. As it can be seen from the proof contained in the next section, the smoothness assumptions on E and Z are in fact stronger than needed. As common when the algebraic version of Grothendieck's duality theory is used, one could require only that E and Z are Gorenstein ([18] V.9). We would then have to add "by hand" the assumption that E has a bounded resolution of locally free sheaves of finite rank and all the results of this section would remain true. In particular, the duality theorem (1.4) would continue to hold as well as the expression for the functor q ! . The fact that the morphism q is proper and flat ensures that the considered functors take bounded derived categories of coherent sheaves to bounded derived categories of coherent sheaves.
Remark 2.12. The choice E = ω E gives
(2.42)
The corresponding kernel E R is precisely the kernel introduced in section 4.1 of [20] in the case of a Calabi-Yau complete intersection X in a toric variety. As it is shown there, under the additional hypothesis that E is a complete intersection of toric divisors, the action in cohomology of the corresponding Fourier-Mukai functor Φ E R matches the mirror symmetric monodromy action obtained by analytical computations. It will be seen in the section 4 of this work that, in that context, E = ω E is indeed EZ-spherical. The invertability of the corresponding exact functor in the case of a type III birational contraction for a Calabi-Yau threefold has been checked by B. Szendrői (see section 6.2 in [35] ). In this special case, the cohomology action induced by the Fourier-Mukai transformation has been written down by P. Aspinwall (section 6.1 in [2] ) based on string theoretic arguments (apparently the formula is a reinterpretation of previous physics results obtained in [22] ). Miraculously (at least from the present author's point of view), it can be checked that Aspinwall's formula is in complete agreement with the results of this work.
Proof of the theorem
The proof of the theorem 2.9 will require some auxiliary results. We work under the assumptions described in the beginning of the introduction and we will make extensive use of the diagram (2.5).
Proposition 3.1. i) Under the hypotheses of the introduction, for an arbitrary object E ∈ D(E), we have that
and
Proof. i) The notation is consistent the one used in diagram (2.5). By adjunction, we have that
Since q 1 = r 1 • k, q 2 = r 2 • k, the projection formula gives
On the other hand
Proof. (of the lemma) Note first that l • ∆ E×E = ∆ X×X • i. Since l : E × E ֒→ X × X, in order to prove the lemma it is enough to show that the isomorphism continues to hold after we apply the functor l * . By the projection formula, we just have to show that
. By the projection formula, the left-hand side of the formula (3.9) can be written as 10) which is indeed equal to the right hand side of (3.9), since
This ends the proof of the lemma.
Putting the formulae (3.5)-(3.9) together, we can write
The already quoted flat base change theorem (theorem 2 in [37] , or theorem 5(i) in [23] ) shows that
We can then apply adjunction for the pair of functors L(∆ E×E ) * , (∆ E×E ) * to obtain that
where we have used lemma 2.6 to write the last equality.
To finish the proof of the formula (3.1), consider the following commutative diagram
where t = q 1 • q = q 2 • q. Since q × q : E × E → Z × Z is flat, the base change theorem for the above fiber square allows us to write
because t • ∆ Y = q. Formula (3.1) follows then from (3.13), (3.16) by the adjunction property of the functors (q
and by the projection formula.
We now proceed with the proof of formula (3.2). We have that
with Z ∈ D(E × E) defined by
Lemma 2.6 gives that
After regrouping the various tensor products we end up with
The adjunction of the pairs of functors (Lk * , k * ) and (t * , t * ) gives then that
(we have also used that D E (Li
by lemma 2.6). Since q is flat, the Künneth formula for the interior fiber square in the diagram (2.5) says that
for any
The Künneth formula and the adjunction of the pair of functors (L(∆ Z×Z ) * , (∆ Z×Z ) * ) applied twice ends the proof of the formula (3.2) for Hom X×X LE, LE . Note that the same expression holds for Hom X×X RE, RE since the difference in the definitions of the objects LE and RE cancels out during the calculation.
ii) Let ν denote the conormal sheaf of Z in Z × Z. By lemma 2.6, the object 25) where z is the dimension of Z. By hypothesis, E is EZ-spherical, so by definition 2.8 there is a distinguished triangle of the form
Because of the isomorphism (3.1), the associated cohomology long exact sequence reads as follows 
If d + k = 1, the supplementary assumption made in the introduction (H 0 (Z, ω Z ) = 0) leads to the same conclusion. In particular, the cases i = 0, 1 prove (3.3).
With the help of a similar long exact sequence, it can be seen that
To prove the isomorphism (3.4), we use (3.2) and write down a piece of a cohomology long exact sequence associated to the same distinguished triangle characterizing the EZ-spherical object E as follows.
(3.30)
The "outside" groups are both zero by (3.28) , while the middle ones are isomorphic to C by (3.29) . This ends the proof of the proposition.
We now recall some general facts about kernels (correspondences). Given two non-singular algebraic varieties X 1 , X 2 , an object G ∈ D(X 1 × X 2 ) determines an exact functor Φ G : D(X 1 ) → D(X 2 ) by the formula
The object G ∈ D(X 1 × X 2 ) is called a kernel. By analogy with the classical theory of correspondences ( [14] chap. 16), a kernel in D(X 1 ×X 2 ) is also said to be a correspondence from X 1 to X 2 . The composition of the kernels (correspondences)
. In the case X 1 = X 2 = X, the neutral element for the composition of kernels in D(X × X) is (∆ X×X ) * (O X ), where, as before, ∆ X×X : X ֒→ X × X is the diagonal morphism. From the formula (3.32), it follows that the functors Θ 23 : 33) are exact functors between triangulated categories. An argument similar to the proof of prop. 16.1.1. in [14] gives the associativity of the composition of kernels
It is well known ([29] prop. 1.3.) that there is a natural isomorphism of functors
It is clear that in order to prove theorem 2.9 we need to compute the kernels E R ⋆ E L , E L ⋆ E R . As an intermediate step we will study the kernels RE ⋆ LE and LE ⋆ RE.
It turns out that we can also talk about kernels (or correspondences) in D(
Note that we work under the important assumption that the morphism q : E → Z is flat. We can define the composition of two kernels G Y and F Y by the analog of the formula (3.32) 37) where the projection maps are flat morphisms from E × Z E × Z E to E × Z E. All the properties mentioned above for the composition of kernels in D(X × X) continue to hold in this case, most remarkably the associativity (due to the flatness of q : E → Z). Note also that we made the choice to denote the operation of composition of kernels in Y by the same symbol as before. It will be clear from the specific context which composition is meant in a particular formula.
The functors i * and Li * determined by the embedding i : E ֒→ X can be expressed as exact functors determined by the kernel Γ * (O E ) ∈ D(E ×X) viewed as a correspondence from E to X, or from X to E, respectively (Γ : E ֒→ E × X is the graph embedding). It is a nice and easy exercise to check, using (3.34) , that any kernel l * (F ) ∈ D(X × X) can be decomposed as
(l : E × E ֒→ X × X is the canonical embedding).
Lemma 3.3.
i) Denote by Γ 12 : E ֒→ E × X, and Γ 23 : E ֒→ X × E, the graph embeddings determined by i : E ֒→ X. Then
where k : Y → E × E is the canonical embedding.
Proof. (of the lemma) i) We have that
We have a fiber square (with p 12 flat)
. By the projection formula, we can then write
where the last isomorphism is obtained using the projection formula.
ii) We need to show that
Consider the fiber square (with r 12 flat)
where we have used subscripts to distinguish between different copies of E. We have that r *
By the projection formula, we can write
By using another fiber square (with r 23 • (k, Id E 3 ) flat)
, and again by the projection formula we obtain that the right hand side of (3.48) is isomorphic to
We are now ready to compute the kernels RE ⋆ LE and LE ⋆ RE. 
Proof. By (3.38), lemma 3.3 and the associativity of the composition of correspondences we can write that
(3.53)
We have that
(3.55)
After regrouping the terms, we obtain that
which proves the first formula of the proposition. Note the crucial rôle played in these calculations by the flatness of the morphism q. The proof of the second part of the formula requires only minor modifications and will not be given.
Proof. (of the proposition) If we use the distinguished triangle from the definition 2.8 of an EZ-spherical object in conjunction with proposition 3.4, we obtain the triangle
As previously mentioned, the operation * with one argument fixed is an exact functor of triangulated categories, so definition 2.5 provides the triangle
Consider the following "9-diagram" (page 24 in [5] )
The starting point is the square located in the lower left corner. The composition u • v is a non-zero morphism D(X × X). According to part ii) of proposition 3.1, the group Hom X×X ( LE, LE) is isomorphic to C, which shows the commutativity of the lower left corner square. The "9-diagram" proposition (prop. 1.1.11. in [5] ) shows how to fill in
We are now in the position to finish the proof of the theorem. The argument is similar to the one used to prove the previous proposition. First, let us note that, if
Indeed, since E is EZ-spherical, we can write down the following portion of a long exact sequence
(3.62)
According to part ii) of proposition 3.1, the left and right groups in the exact sequence written above are both zero, while the middle ones are isomorphic to C. This fact allows us to construct another "9-diagram" with a commutative lower left corner.
In this case, the starting point is the morphism w : LE → E L [1] which is part of the distinguished triangle represented by the second row. Again, the "9-diagram" proposition of [5] allows us to complete the diagram, so
, and this ends the proof of theorem 2.9.
Applications
In this section, we sample some geometric examples in which EZ-spherical objects arise. The list has no claims of being exhaustive.
Example 4.1. The case Z = Spec(C) brings nothing new, namely an object E ∈ D(E) is EZ-spherical if and only if i * E ∈ D(X) is spherical, and the functors R E and L E are those studied in [34] . This follows immediately by adjunction for the pair (i * , i ! ) and by recalling that, in this case, the functors R
• q * RHom E are nothing else but the Ext
Example 4.2. Assume that E = X. This is the case of the so-called fiberwise FourierMukai functors [10] , [36] , [1] . The typical example is the case of a flat projective CalabiYau fibration q : X → Z with a generic Calabi-Yau fiber F of dimension k. Consider an object E ∈ D(X) flat over the base Z.
Assume that the restriction E z is a spherical object (in the sense of [34] ) for any generic fiber F z , that the dimensions of Ext i (E z , E z ) (z ∈ Z) are constant functions on Z for all i, and that Rq * RHom X (E, E) = O Z . The Grauert-Grothendieck semicontinuity theorem ( [19] III.12.9) implies that
And indeed, since q
, the duality theorem (1.4) (or relative Serre duality) gives that E is EZ-spherical.
When the generic fiber F has the property that h i,0 (F ) = 0, for 0 < i < k, any invertible sheaf on X will be an EZ-spherical object. For a flat elliptic fibration with a section σ : Z → X, such that H 0 (Z, ω Z ) = 0, the sheaf O σ(Z) is also EZ-spherical.
We now continue with a discussion of the general situation of the type represented in the diagram (1.1). The first task is to rewrite the condition (2.37) that characterizes the EZ-objects in a more amenable form. Note that
by lemma 2.6. A local Koszul resolution of i * O E can be written with the help of the conormal sheaf of E in X, and it follows that
with ν the normal sheaf of E in X, and
The duality theorem (1.4) and the projection formula imply that Therefore an object E ∈ D(E) such that Rq * RHom E (E, E) = O Z will also have the property that Rq * RHom E (E,
The next example shows one possible way of relating our results to the theory of exceptional objects [32] . Example 4.3. Assume that E is a complete smooth divisor in X such that E ∼ = F × Z (F comes from either fiber, or Fano). Let E ′ be an exceptional object in D(F ), i.e. Hom F (E ′ , E ′ ) = C, and Ext j F (E ′ , E ′ ) = 0, for j > 0. Then the pull-back of E ′ to E by the natural projection is an EZ-spherical object in D(E).
Example 4.4. We now study the EZ-spherical objects that arise when one considers a smooth Calabi-Yau complete intersection X in a toric variety X and a toric elementary contraction q : X → Y in the sense of Mori theory (as studied by M. Reid in [31] ). As mentioned in the introduction, such transformations provide geometric models for the physical phase transitions. Let E represent the loci where q is not an isomorphism (the exceptional locus) and Z := q( E). Corollary 2.6 in [31] shows that E is a complete intersection of toric Cartier divisors D 1 , . . . , D d , and the restriction of q to E is a flat morphism whose fibers are weighted projective spaces.
Let E denote the exceptional locus of the restriction of the contraction to X and q : E → Z the corresponding morphism. We make the assumption that 6) and that q is a flat morphism with the fibers F (regular) projective spaces of dimension k. For more on the geometrical details of the situation, the reader may want to consult section 4.4 in [20] . According to proposition 2.7 in [31] we have that
for all j, 1 ≤ j ≤ d, and for any curve C σ in the class of the contraction, therefore any rational curve contained in a fiber F ∼ = P k . On the other hand, the adjunction formula implies that Revisiting now formula (4.3), we see that in this case
and H l (F, Λ j ν | F ) = 0, for 0 < l < k + 1, 0 < j < d. The reformulation of the definition 2.8 with the help of the formula (4.4) and the Grauert-Grothendieck semicontinuity theorem ( [19] III.12.9) imply that any invertible sheaf L on E is indeed an EZ-spherical object, since RHom E (L, L) = O E and Rq * O E = O Z . It should be noted that, in the course of analyzing this example, the existence of the contraction of X is not needed. Presumably, there could be examples with E a complete intersection of Cartier divisors D 1 , . . . , D d in X and q : E → Z a flat fibration with a Fano fiber F. In that case, we would only need to impose as an assumption the analogue of (4.7) in order to have that any invertible sheaf on E is EZ-spherical.
Remark 4.5. An EZ-spherical object E has good "portability" properties. Indeed, definition 2.8 has a local character with respect to the embedding E ֒→ X. Therefore, if E is EZ-spherical with respect to a configuration described by a diagram such as (1.1), it will continue to be EZ-spherical if the Calabi-Yau variety X is replaced by the "local" Calabi-Yau variety given by the total space of the normal bundle N E/X , while q : E → Z is left unchanged. In fact, E will remain EZ-spherical if X is replaced by any other smooth Calabi-Yau variety X ′ such that N E/X ′ ∼ = N E/X . The explicit passage from X to X ′ can be realized by using the formal completion of X (or X ′ ) along E ([19] II.9), or by the so-called "deformation to the normal cone" ([14] chap. 5).
